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Nutation Damping and Vibration Isolation in a
Flexibly Coupled Dual-Spin Spacecraft
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As the accuracies required to meet mission objectives become increasingly greater, the suit-
ability of the dual-spin concept rests more and more on its ability to provide a platform free
of extraneous motion. This paper is concerned with the possibility of achieving this goal by
introducing a flexible, dissipative coupling between the platform and rotor of such a spacecraft.
Both analytical and numerical results are presented, and it is shown, for realistic spacecraft
designs, throughout that settling times for damping nutation of the order of a few seconds may
be obtained, while at the same time, platform vibrations induced by static and dynamic un-
balances in the rotor are attenuated by a factor of three or more.

Nomenclature

B,Bf = designations of platform and rotor, respectively
b = 6x3 = vector directed from 0 to Q
b' = 6'x'a = vector directed from Q to 0'
c = vector from system center of mass to 0
d,c2 = damping constants [see Eq. (1)]
c = damping constant for symmetric system
C — c/(/33;<r) = dimensionless damping constant
COL = cos a where a is any angle
D = {/(I - J - l/P) + R(l - / - J')[R(J + J' -

l/P) - 2J]\/(lr l/P)
F = external force applied to B' at Q

3
h = ^ hiXi = system angular momentum vector

i=l
H = magnitude of h

3
I = ^ InXiXi = centroidal moment of inertia dyadic

i=l
for the platform

3
I' = 2 la'j^i = centroidal moment of inertia dyadic

1=1
for the rotor

IT = In + In + (b + VY
J = Iii/lT
J' = In'/IT
J = /if R = 0; (1 - J')ti R = 1
ki}kz = spring constants [see Eq. (1)]
k = spring constant for symmetric system
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klT/(Ia3f<r)2 = dimensionless spring constant
masses of B and B', respectively
actual mass centers of B and B f , respectively
point fixed in B' near 0*
/r//8s'
center of flexible coupling
b/(b + 6')
root of Eq. (25) nearest the imaginary axis
sin a where a is any angle
iT/tfss'ffReS*) = dimensionless settling time
restoring torque components for Xi and x3' X Xi direc-

tions, respectively
pure couple applied to B by B'

3
]P mxi = inertial angular velocity of B

^2 Viyi = inertial angular velocity of B'

see Eq. (18)
centroidal principal axes for the platform
axis fixed in B''; nominally the symmetry axis
unit vectors directed along Xi, Xz, X$, respectively
unit vector along Xs
centroidal principal axes of B'
unit vectors along Fi, F2, and F3, respectively
C/(PD)

J^ €t-yt- = vector directed from 0' to 0*
i=l
gimbal angles
K/(P*D)
mm'/(m + m') = "reduced mass"
isolation factor
relative rotor speed (assumed constant)
1/ReS* = dimensionless settling time
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<£i,02 = angles for describing the orientation of X$ relative to
Yij Yz, Yz (Fig. 2 describes these angles when 0i,
62, Xi, Xz and X3 are relabeled as <f>i, <f>z, Yi, Y* and
¥3, respectively). Thus <£i is a rotation about yi
and 02 is a rotation about x3' X yi

$> = coning angle, i.e., angle between Xs and h

Introduction

DUAL-SPIN spacecraft, i.e., spacecraft consisting of two
primary sections that nominally rotate at different rates

in inertial space, have received considerable attention re-
cently because of their ability to satisfy certain mission re-
quirements more readily than vehicles that either spin as a
unit or employ purely reaction jet or reaction ~wheel control
systems.1'2 Typically, such spacecraft are designed to main-
tain a "despun platform" in a desired orientation in space,
gyroscopic stabilization being provided by a "rotor." Two
obstacles to the achievement of this goal are nutational mo-
tions resulting from small external disturbances or internal
dissipation, and wobble resulting from static and/or dynamic
unbalances in the rotor. This paper deals with the possibility
of overcoming these obstacles by introducing a flexible
coupling between the rotor and the platform, t

The coupling considered is modeled as a two-degree-of-free-
dom universal joint which produces linear elastic and viscous
restoring torques when deformed from its nominal configura-
tion. It is shown that such a device can attenuate nutational
or coning motion resulting from a discrete disturbance by a
factor of l/e in a matter of a few seconds, and reduce wobble
to a degree limited only by considerations of physical realiza-
bility and the desire to retain a given level of performance with
respect to the attenuation of nutation. Numerical studies
employing typical spacecraft parameters demonstrate that it
is possible to devise realistic coupling designs that effectively
accomplish both of these tasks simultaneously.

x2

Fig. 1 Dual-spin spacecraft with flexible coupling.

t After substantial progress had been made in this investiga-
tion, it was discovered that a similar system was studied by Rubin
and Swanson of the Hughes Aircraft Company. Their work has
not appeared in the open literature, but it has been documented
in Ref. 3, an internal company report.

Idealized Spacecraft Model
An idealized model of a dual-spin spacecraft with a flexible

coupling is depicted in Fig. 1. The axes Xi, X2 and Xs are
centroidal principal axes for the platform B, X^ is an axis
fixed in the rotor B', and 0' is a point fixed on X3'. Except
for small unbalances which are unavoidable in construction,
X$' may be considered the symmetry axis and 0' the mass
center of R. A set of unit vectors Xi, x2, x3 and x3' directed
along Xi, Xz, X3 and Z3', respectively, will be useful in the
following development.

The flexible universal joint permits rotations of Xs
f relative

to B which may be described in terms of a rotation of amount
61 about an axis parallel to Xi and 62 about an axis perpendicu-
lar to both Xi and X$' (see Fig". 2). Such rotations are re-
sisted by torques of the form

i = kiBi + c&; i = 1,2 (D
where Ti and T% act on B, TI being directed along Xi and T2
along x3' X XL It is assumed that when the coupling is un-
deformed, X3 and X^ coincide. The &/s and c/s are spring
and damping constants, respectively.

A torque motor is used to maintain the desired rotational
speed between B' and the portion of the flexible joint nearest
B'. It is important to locate this motor on the side of the
coupling nearest the rotor in order that dissipation in the
coupling be associated with the platform. This is required
to insure stability as discussed in Refs. 1 and 2. Although
the motor may also be used to control platform pointing in
actual applications, the assumption of a constant relative
speed o- is employed here to simplify the analytical develop-
ment.

A realistic model of a dual-spin spacecraft would include the
effects of passive energy dissipation on both the rotor and the
platform as these have been shown to have a profound influ-
ence on stability and performance.1'2'4 It will be demon-
strated, however, that a properly designed mechanism of the
type under consideration is so effective in attentuating nuta-
tion and wobble, that the decision to ignore these other
sources of dissipation seems quite reasonable.

Equations of Motion

Three of the five scalar dynamical equations required for
describing the motion of this system may be obtained by
applying the angular momentum principle to the entire sys-
tem. Assuming that no external torques act, the vector
representation of these equations assumes the form

I-u + u X (I-u) + I'-v + v X (I'-v) + ju(b + b' + e) X
{u X b + u X (u X b) + v X (b; + e) +

v X [v X (b' + e)]} = 0 (2)
where a dot over a vector indicates differentiation in an inertial
reference frame.

Two additional scalar equations may be obtained by apply-
ing the angular momentum principle to the platform alone.
Of course, forces and torques applied to the platform at the

Fig. 2 Orientation
angles.
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coupling must be considered as external in this part of the
development. Thus the relevant vector equation becomes

I-ii + u X (I X u) = Tc + b X F (3)

where Tc and F form an equivalent force system for all ex-
ternal forces applied to B, Tc being a pure couple and F a
force applied at point Q. F may be expressed in terms of the
quantities introduced earlier by means of the center of mass
theorem which states that

F = me (4)
In this equation, c is a vector from the system center of mass
(fixed in inertial space) to 0. From the definition of mass
center

me + m'(c + b + b' + e) = 0
Substitution of Eq. (5) into Eq. (4) yields

F = -M(b + b' + e)

(5)

(6)

By next substituting Eq. (6) into Eq. (3) and then taking the
dot product of the resulting equation once with Xi and once
with a unit vector (x2C0i + x^ft) which is parallel to x3' X
Xi (these dot multiplications eliminate constraint torques in
Tc), the following required scalar equations are obtained

Xi- [I-u + u X (I X u) + Mb X (b + b' + e)] -
Mi - cA = 0 (7)

(x2C0x + x3S0i)• [i-u + u X (I X u) + Mb X
(b + b' + e)] - fe02 - c202 = 0 (8)

When all of the indicated vector operations are performed,
Eqs. • (3, 7 and 8) may be expressed as five scalar equations in
the eight dependent variables HI, u2, u3, Vi, v2, t>3, 0i and 02. To
form a complete set of equations, three kinematical relation-
ships must be supplied. These are obtained by considering
the relationship between the inertial angular velocities of B
and B'. Hence

This vector equation provides the three desired scalar equa-
tions.

The nonlinear scalar equations obtained from Eqs. (3) and
(7-9) were written out and programed on a digital com-
puter so that the results of investigations based on simplified
equations could be checked. Although somewhat tedious,
this exercise is straightforward and will not, therefore, be pur-
sued further here. Instead, we shall turn our attention to a

set of linearized equations obtained from the full nonlinear
equations by assuming that HI, u2, t/3, Vi, v2, vs - a, ft, 02, <p1}
<p2, €1, e2 and c3 remain small so that all nonlinear terms in
these quantities and their time derivatives may be ignored.
It should be noted that not all of the quantities assumed to be
small are dependent variables. Some are constants resulting
from manufacturing imperfections. The latter group leads
to periodic forcing terms in the governing equations.

After carrying out this linearization, the following set of
equations is obtained.

System Equations

Inui + In'viCat — I22'v2S<rt — (722' — I^aViCat —
(In - In^ffViSrt + M(& + &'){toi + b'(viC<rt - v2Sat) -

b'<r(vi&<rt + v2C<rt) + (72[(&V>2 + *i)Sat +
(-&Vl + e2)C(Tt]} = 0 (10)

/22&2 + In'viSat + I22'v2Cat - (733' - /u'J

6 '~./», n 4 », C* 4\ I 2F /I./
U\"l\s Vv ~"~~ V2tJ Ul/l ~T~ O" I "— \0 (P2 ~

(-&Vi + €2)S<rf]} = o (ii)
/33«3 + /88'tJS = 0 (12)

Platform Equations

Inui — kidi — Ci6i -j- fj,b\bui + bf(viC<rt — v2So"t) —
b (r(v\&o't ~f~ v2(s(rt) ~j~ (7 f(o <^2 -j- €i)So"t ~}~

(-6Vi + €2)C(7t}} = 0 (13)
/22^2 — k202 — c262 + nb{bu2 + bf(viSat -f- v2Ccrt) +

t / f f . f i ) , f^iff-f _ 4i Cf /\ I 2 r /?\' | \ /nf « |

( — 6Vi ~h e2)*S(7^] = 0} (14)

Kinematics

Wi + 0i = ^iC<r£ — ^2/So-^ + ff(<piS<rt + <pzC<rt) (15)

w3 + o- = t;3 (17)

These equations may be expressed in a more convenient form
by a) eliminating Eqs. (12) and (17) from consideration by
noting that these equations are uncoupled from the remaining
equations and serve only to reinforce the assumption that w3
and vs — a remain small; b) introducing two new dependent
variables Wi and w2 defined as

— v2S<rt; w2 = ViSat + v2Cat (18)
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Fig. 3 Nutation damping: optimum system parameters
and settling times.
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Fig. 4 Nutation damping: Ts vs c and k for a symmetric
system with R = 0.
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Fig. 5 Nutation damping: variation of Ts with gimbal
location.

and c) assuming that the difference In' — 722' is a small num-
ber A which may be ignored when multiplied by one of the
quantities assumed small in obtaining Eqs. (10-17) from Eqs.
(3) and (7-9). After incorporating these definitions, observa-
tions and assumptions, Eqs. (10-17) reduce to the following
set of equations:

[7n + M(& + b')b]*i + [In* + // (6 + b')b']wi + In
tffw2 =

(19)

i =
(20)

(21)

(22)

MI + 0i - wj = <r(<piS(rt + <p2C(7t) (23)
u% + 02 — w2 = v( — <p\C<jt + <pyS at) (24)

Equations (19-24) are now in a form useful for the study of
both the decay of free coning or nutation, and the reduction of
wobble due to unbalances.

Nutation Damping

The rate at which transient nutational motion decays can
be estimated by examining the roots of the characteristic
equation of the homogeneous part of Eqs. (19-24). In order
to simplify the development, it will be assumed initially that
the platform is symmetric (7U = 722), c\ = c2, and ki = k2.
The consequences of removing these restrictions are discussed
briefly at the end of this section.

For the symmetric system, the characteristic equation may
be expressed most compactly in complex form. With coeffic-
ients written in terms of symbols defined in the nomenclature,
this equation becomes

[72

' + (1 - J - J') [/(I - jR)« + J'R2}}
S*{C-j(J + (1 - J - J')R*}}

S{K - JC} -

-f

(25)
where j = (— 1)1/2. A useful index of the rate at which
transient nutational motions decay is the settling time Ts de-
fined as the time required for all transient oscillations to decay
by a factor of l/e. After the roots of Eq. (25) are found (it
can be shown that these roots always lie in the left half of the
complex plane), T, may be calculated from the expression

Ts = \IT/(I*'vReS*)\ (26)

where S* is the root of Eq. (25) nearest the imaginary axis.
Normally it is desired that Ts be made as small as possible.
The effectiveness of the system under consideration in achiev-
ing this goal is examined next.

If the flexible coupling is located at the center of mass of
either body (R = 0 or 1), the vehicle mass properties may be
characterized by a single variable J defined as

J =
if R = 0
if R = 1 (27)

In either case, Eq. (25) reduces to

S3J(1 - J) + S2(C - j j ) + S(K - JC) - JK = 0 (28)

For purposes of calculating roots numerically this third-
degree polynomial with complex coefficients was transformed
into an equivalent sixth-degree polynomial with real coeffi-
cients, and this result was programed on a digital computer.
Then J was allowed to vary over its entire range of zero to
one, and, for each value of J, the values of K and C that mini-
mized the system settling time were determined by a straight-
forward two-parameter numerical search. The results of
carrying out this procedure are displayed in Fig. 3, where a
dimensionless settling time TS = l/ReS*\ has been intro-
duced to make it unnecessary to specify a value for 7r/(733V)
[see Eq. (26) ], thus retaining greater generality.

It is meaningful to consider the results of Fig. 3 in the light
of certain design criteria associated with conventional nuta-
tion dampers. The selection of spring constants for such de-
vices is often guided by the notion that the damper natural
frequency should be at or near the so-called "nutation fre-
quency," a quantity typically calculated by analyzing the free
coning motion of the vehicle while ignoring vehicle flexibility.5
This design philosophy is likely to be unsatisfactory for the
present system because of the considerable effect of the flexible
coupling on the overall vehicle motion. Not only is the cal-
culation of a nutation frequency from a model neglecting
flexibility inappropriate, but even if an equivalent quantity
could be found, there is no readily available expression that
may be identified as the "damper natural frequency."

In spite of its possible shortcoming as a design tool, a pro-
cedure based on that just discussed is worth applying to the
present system for comparison. Suppose one a) calculates
the nutation frequency as seen in the platform by analyzing
the free motions of the dual-spin system without a flexible
coupling, b) designates as the damper natural frequency the
frequency at which the platform would freely oscillate if the
rotor axis were held fixed in inertial space, c) selects the dimen-
sionless spring parameter K in such a way that the damper
natural frequency found in b equals the nutation frequency
found in a, and d) computes settling times as C is allowed to
vary and K is held fixed at the value found in c. The "tuned"
K and the corresponding minimum settling time found in this
way are generally somewhat larger than the values indicated
in Fig. 3. Consider, for example, a spacecraft for which

In = 722 = 733 = 64 slug ft2

7U' = 722' = 155 slug ft2; 733' = 136 slug ft2

m = 17 slug; mf = 20 slug

b + b' = 4.54 ft; a = 6.28 rad/sec (29)

These mass properties and spin rate closely ap_proximate those
of the Intelsat IV spacecraft. The value of J for this system
is 0.156. If the flexible connection is located at the platform
mass center (R = 0), then the tuned K and the corresponding
minimum TS are 0.156 and 6.7, respectively, while the corre-
sponding optimum values from Fig. 3 are 0.11 and 3.55. To
give some physical significance to the damping parameter C,
it may be mentioned that the curve in Fig. 3 giving C as a
function of J closely approximates one which whould be ob-
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tained if C were required to critically damp free oscillations
of the platform when the rotor axis is inertially fixed.

The possibility of obtaining low settling times with realistic
spring and damping constants is explored in Fig. 4 for the
system described in Eq. (29) with ki = fe = k, ci = c2 = c,
and R = 0 (i.e., b = 0, b' = 4.54 ft). The curves shown were
obtained by numerical search involving calculation of the
roots of the characteristic polynomial and the use of Eq. (26).
They indicate that a T8 of only 1.65 sec is achievable with k
= 200 ft-lb/rad and c = 124 Ib/rad/sec. Although a cou-
pling built to these specifications would no doubt have to be
caged during launch, it does not seem to represent a significant
obstacle in terms of physical readability. The achievable
Ts is extremely small when compared with settling times of
between 5 and 30 min provided by conventional nutation
dampers.

The effect of varying the coupling location is explored in
Fig. 5. Here k and c were allowed to vary and minimum
values of Ts were computed for 0 < R < 1. Although there
is some variation in the optimum k, c and Ts, gimbal location
does not seem to be a critical parameter.

Because some dual-spin spacecraft designs do not have
axisymmetric platforms, a numerical study was carried out to
assess the effects of platform asymmetry and the desirability
of employing different spring and damping constants in each
of the two coupling axes of such a system. The scope of the
study was necessarily limited, and the results were not com-
prehensive, but it appears that: a) if the transverse mo-
ments of inertia of the platform of an initially symmetric
spacecraft are varied with their product held constant, the
minimum Ts that can be achieved with symmetric spring and
damping constants does not change significantly; and b) the
improvement afforded by employing different spring and
damping constants in the two axes of the coupling is not
marked.

Vibration Isolation

Returning now to the full set of linearized equations includ-
ing forcing terms [Eqs. (19-24)], we shall examine the possi-
bility of reducing oscillations of the platform arising from
unbalances in the rotor. After first defining the coning angle
<f> as the angle between X$ and the system angular momentum
vector, a useful index of performance p called the "isolation
factor" may be defined as the ratio of the amplitude of <£ for
the system with a flexible coupling to the amplitude of $ for
the same system with a rigid connecting shaft. The evalu-
ation of $ and hence of p will be based on the steady-state
solution of Eqs. (19-24).

Since Eqs. (19-24) are linear, constant-coefficient equations
with sinusoidal forcing functions, their solution will have the
form

x = Ac coscrt + As sinat

where Ac and As are 6 X 1 constant matrices, and

x = [uiU2WiW2B1d2}T

After writing Eqs. (19-24) in matrix forms as

6X6 6X6 6X1 6X1
MX + N x = Fe cos at + Fs siuat

it can be shown that

and

Ac = -(NM~1N

A, = -(NM-W +

(30)

(31)

(32)

(33)

9 - aFc) (34)

0.05
0.05 0.1 0.2 0.5 1 2 5 10

MODIFIED DIMENSIONLESS SPRING CONSTANT K

Fig. 6 Vibration isolation: p as a function of K, y and D.

small x and small unbalances

h = hiXi -f /i2x2 + ^3X3
= { [in + p(b + b')b]Ui + [In' + M(& + b')b']Wi +

/33V02 + 1/33' - fJi(b + b')b']<r(<f>iS<rt + <p2C<rt) +
p,(b + b')(r(e2S(Tt - eiCat)}xi + { [/22 + n(b + b')b]u2 +

[In' + M(& + b')b']w2 - /ssVfli +
[/as' - /*(& + b')b']<r(-<f>iC<rt + VzScrt) -

Then

(35)

(36)

$ may be calculated by first finding x using Eqs. (19-24) and
(30-34), and then using this result together with Eq. (35) to
determine hi and h% for substitution into Eq. (36). The isola-
tion factor is then obtained by dividing the amplitude of <£
for the system of interest by the amplitude of $ for the same
system with the c's and k's assigned infinite (or at least very
large) values. Although a computer is normally required to
accomplish this task, it is again possible to make some progress
analytically by employing the assumption that the system is
symmetric.

For the symmetric system (In = /22, ki = k2 = k, ci = c2
= c), a complex formulation is advantageous. Let

TMu Mn 0
' = Af „ M33 M»

L 0 0 M55J

Fc5 -

0 "Na
0

(37)

(38)

where the elements of these matrices are taken from Eqs. (19-
24) and (32). The governing equations can then be written

Mz + Nz = Fe>" (39)

and the steady-state solution becomes

z = [jaM + N]-lFe^ (40)

The introduction of a complex quantity h = hi+ jh2 permits
$ to be expressed in the form

(f, = («i*)l/V(/38V) (41)

where h* is the complex conjugate of h. From the angular
momentum principle,

To obtain an expression for <£, the system angular momen-
tum vector h is first expressed in terms of Xi, x2 and Xa. For

= (hi
+ 0 (42)
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Fig. 7 Vibration isolation: construction of 7 vs K curves.
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Hence,

Since we are dealing with linearized equations, h must have
the form h — He^at from which it follows that

(44)

(45)

(46)

This equation is a convenient one for calculating <£ once Zi is
determined from Eq. (40).

To find the isolation factor p, the magnitude of <f> for the
system of interest is divided by the magnitude of 3> for the
same system except with k and c infinite. After a consider-
able amount of algebra, Eqs. (19-24, 32, 37, 38, 40, and 46)
may be combined to yield

[see Eqs. (37) and (43)]. Thus

h = hi + jh2 = Htfoi = Wo-
Upon substitution from Eq. (45), Eq. (41) becomes

To illustrate the effectiveness of the isolation system, atten-
tion will be focused on Eq. (48). By introducing K =
K/PZD and 7 = C/PD this equation may be expressed in a
form more suitable for graphical representation as

P = (K - sgn(D)]2 + T2 (50)

Figure 6 displays p vs K for several values of 7 and D. These
curves demonstrate that unless D is zero, isolation is always
possible for sufficiently small A; and c. Furthermore, if D is
positive, some isolation occurs regardless of the values of k
and c.

Figure 7 shows 7 vs K with p as a parameter. The curves
are arcs of circles of radius p/(l — p2) whose centers lie at

K = -sgn(D)[pV(l - P2)]; 7 = (51)
This construction is a convenient way of examining the rela-
tionships among /c, 7, and p without extensive computations.

To illustrate more clearly the relationship between p, k, and
c, the spacecraft described by Eq. (29) is again investigated.

P =
K + JPC - P*R(J' -

+ JPC - P2Z)
(47)

The double vertical lines are used to denote the magnitude of
the complex quantity inside. Note from the definition of D
that if P equals one, p becomes zero. This condition repre-
sents a situation in which the steady-state response of the
rigid system is unbounded, and therefore the suggestion that
isolation is complete is misleading.

Since the values of the unbalance terms 61, 62, <PI and <p2 are
generally unknown, it is desirable that p be independent of
these quantities, which is possible if any of the following con-
dtions hold: a) R = 0—the coupling is at the platform mass
center; b) J'P = 1—the rotor is inertially spherical; or c)
P[l - J - R(l - J - J ' ) } = 1 <=>/„' +~n(b + b'W =/„'.
Note that condition c can be satisfied by proper coupling-
location.

If either a or b is satisfied, the isolation factor reduces to

P =
K + JPC

K + jPC - P2D

while if c is satisfied

P =
K + JPC -

K + jPC - P*D

(48)

(49)

Assuming the coupling to be located at the platform mass
center, D becomes 0.119, and the curves of Fig. 8 describe the
relationship between c and k for several values of p. (In this
figure, ere is used as the ordinate to preserve the circularity of
the curves.) These curves indicate that a high degree of iso-
lation is possible over a fairly wide range of coupling parame-
ters.

As before, the possible effects of changing the coupling loca-
tion and/or allowing the platform to be asymmetrical were
explored briefly. Although these investigations were not ex-
tensive, there was no indication that modifications of this kind
would have a significant impact on the results that have been
presented.

Concluding Discussion
There are at least two reasons for incorporating a flexible

coupling into a dual-spin spacecraft: 1) to rapidly attenuate
transient nutational or coning motion; and 2) to reduce plat-
form wobble resulting from rotor unbalances. The results pre-
sented so far demonstrate that either of these goals can be
attained for properly designed systems, but we have not yet
shown both can be attained simultaneously. To examine this
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question, we have calculated the isolation factor p for the
system described by Eq. (29) with k and c taken as 200 ft-lb/
rad and 124 ft-lb/rad/sec, respectively; these values mini-
mize the settling time as shown in Fig. 4. The isolation factor
for this case was 0.42, and this point is indicated by an asterisk
in Fig. 8. Thus, even spring and damping constants selected
specifically to minimize the settling time can provide a mod-
erate degree of vibration isolation.

Next, isolation factors and settling times were calculated
while k and c were allowed to take on values both larger and
smaller than those providing the optimum settling time (k
ranged from 100 to 500 f t-lb/rad, and c from 20 to 500 ft-lb/
rad/sec.) The results of these calculations are summarized
in Fig. 9 where along solid curves k remains constant while c
varies, and along dashed curves c remains constant while k
varies. These curves demonstrate the existence of a range of
values of c and k over which settling times may be kept on the
order of a few seconds with isolation factors substantially less
than one. It thus appears that both of the desired per-
formance goals may be attained simultaneously with a con-
siderable degree of success.

Finally, because the results described in this paper have
been based primarily on equations linearized not only in smal-
variables, but also in small constants representing rotor un-
balances, the full nonlinear equations of motion were pro-
gramed on a digital computer to provide a means of veri-
fication. Figure 10 shows coning angle <£ vs time for one
case. The system parameters were selected in accordance
with Eq. (29), and k and c were 200 f t-lb/rad and 124 ft-lb/

0.00°
12 14

TIME (sees.)

Fig. 10 Numerical integration of nonlinear equations.

rad/sec, respectively. From the approximate linear relation-
ships developed in the paper, the predicted settling time was
1.65 sec, and the predicted amplitude of steady-state coning
motion was 0.0189° representing an isolation factor of 0.423.
(These values are in accordance with Figs. 4 and 8.) Based
on the computer output used to construct Fig. 10 it was deter-
mined that the predicted amplitude of steady-state coning
was accurate to within 0.1%. Because of the difficulty of
directly measuring settling time from this output, a curve-
fitting process was required to check the accuracy of settling
time predictions; the predictions agreed with the numerical
integration results to within 2%.
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